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ELASTIC-PLASTIC ANALYSIS OF CLOSED-END TUBES

ABSTRACT

Q(An approximate solution is derived for the
stresses in a circular, closed-end, unrestrained
tube subjected to an internal pressure of suffi-
cient magnitude to induce plastic flow. The
Mises yield criterion i{s assumed in the plastic
region of the tube. The radial and circumfer-
ential stresses are found to be in good agreement
with those for the plane stress case. Results
are shown graphically.
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CONCLUSIONS

By assuming a logarithmic distribution for the longitudinal stress
in the plastic portion of the tube wall and comparing these results with
other numerically obtained solutions for the pressurized, closed-end
tube, it has been found that very little difference in the radial and
tangential stress distribution is observed. Of course, the end-force
must be equilibrated by the longitudinal stresses acting across the
tube thickness, but as long as this condition is met it appears that
any assumed distribution for the g stress in the plastic region, has
little effect upon the aforementioned radial and tangential stresses.

One point which should be mentioned is that the Mises yield
criterion was considered to govern the behavior of the tube material in
the plastic state. Hence, the fact that the T, and s stresses
do not differ greatly, regardless of what end conditions for the tube
are considered, is not totally unexpected. Particular reference is
made to the solution of this same problem wherein the Tresca yield
criterion is utilized., 1In this case, it is found that the end condition
has no influence upon (5 and Gy

Comparison of these same stresses with the plane strain solutionl
indicates approximate agreement. This is not surprising in view of the
fact that it gan be readily shown that the magnitude of the end restraint,
which is required to maintain the plane strain condition, appruvaches the
end force groduced in the closed-end tube for the case of complete
plasticity<,

A fair agreement with the plane stress results is also obtained>,
In fact, for the plane strain, plane stress and closed-end conditions,
it is interesting to note that very little difference is observed in the
distribution and magnitude of the radial and tangential stresses for the
case of initial ylelding at the hore surface.

In comparing the magnitude of the longitudinal stress G, , as
developed herein, with the values of (g obtained by use of the
Prandtl-Reuss stress strain relations for a perfectly plastic material,
large discrepancies are observed. Furthermore, it is generally agreed
that use of the Prandtl-Reuss relation leads to more accurate stress
predictions; however, the mathematical difficulties encountered are
more formidable.



CONCLUSIONS (CUNT.)

In any event, useful stress predictions for Uy and T, can be
obtained by the methods which are outlined in this report.
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INTRODUCTION

The problem is one of & thick-walled, circular, closed end,
unrestrained tube subjected to an internal pressure of sufficient
magnitude to induce plastic flow. The plastic deformation occurs
first at the inner surface of the tube and, as the pressure is
increased, the plastic region continues to grow until the entire
tube becomes plastic. A state of contained plasticity is assumed.
The tube material is considered to be homogeneocus, isotropic, com-
pressible, and perfectly plastic.

To describe the pressure induced stresses and strains in the
tube, a system of cylindrical coordinates ( r, 6,2 ) is employed,
where the Z -axis coincides with the axis of the tube. All stresses
and strains are assumed to be independent of @ and 2 .

FORMULATION

The principal directions of stress at a generic point of the
tube are radial, circumferential and axial, and the only equation of
equilibrium which remains to be satisfied 1s4:

40 . G -9 _ o (1
Ar r

We denote the inner surface of the tube by " = & |, the outer
surface by ¢ = b , and the interface between the clastic and plastic
region by I = £ . We denote by GF ¢, G, G ad G G°,q"
the stresses in the elastic and plastic regions, respectively. The
Mises yicld criterion is assumed and hence, throughout the plastic
region Agrsf , ag P g b , the following condition must be
satisfied:

(- G+ (G- G+ (G- Grf= ek @

where R 1is the yield stress in simple shear for the material.



The solution for the elastic reglon pPg g b, as¢s b, is
given by the Lamé equations:

G= A+ 2uD - 2,8/
G= A + Q/uD ‘f'-'Z/u B/r*

e
G = A 3
The boundary conditions to be satisfied are;

1_ U:::-P) r=0ua
2. de = 0 , r="b

&2 G:ezg:?,q;¢=_q9)6-;=q;?,r=f

b P b
4. o = 2T gc; rde = :ur{ 0 rde + \Grdr
& & ¢

The last condition states that the axial stress integrated over the
thickness of the tube equilibrates the force acting on the closed end

of the tube. These conditions are sufficient to determine the constants
of integration and establish a relationship between P and J

To determine the value of P= P‘ for incipient plastic flow,
i.e. @=a, we apply the boundary conditions 1, 2, and 4 to
equations (3) and find the constanta A, B, D in terms of ?
This yields;

A=_E*_Q':— B__ p*a’"g

b—-a" 2/“(6"'&") )

D=o0

10



We next apply the Mises yield condition, cquation (2), setting r=a& |,

and solve for P* :

. R(b-&)
P i

To determine the plastic stress state for f >a , we first

solve (2) for ,f

G;P

i

o+ G e T [ 0:')"} )

The ambiguous sign (£ ) in (4) is determined by using the results
for incipient plastic flow, evaluating the stresses for r=0a, and
substituting for the stresses in (4). It follows that the plus sign

should Le used in (4).

We introduce the notations:

—‘.___Q_[ "",_._G; = __ Ja "'__A
G; 2R ) 8 2R )\% ~'3% ) ﬁn.?{
B = -2 D = =L
©=2x ,P=:x , P=%
The equation of equilibrium and equation (4) become:
&r_*_O;"Ta:O (1)
Ay ar

m———

Substituting for G:P from (4) into (1), and letting



H,_.'Q";P._ a’:’ we obtain
dy \ 2 AGF
SO . ~-120- _
Letting

ﬁlﬂ—@:-o (6)

and ¢Q

7)

R
s
+

X

S
i
O

two equations arc obtained which are immediately integrable., Integrate
ing (b)), we find:

y =T G = s Z ()] ®

<

where €, s a constant of integration. Substituting for flé from
(8) into (7) and integrating, we obtain:

q_;"=g?—cos[f}ﬂn(é)]+c-. 9

where C, is a constant of integration. From (8) and (4), we now find:

= sm[—?— w(_é':l)] + _g—cos[-?“lﬂ(‘&ﬂi' Co (10)

12



and

0, = = L sin ["—bv\(cl)-l+ 53ws[gbm({;ﬂ+ c (1)
applying boundary conditions 1, 2, 3, 4, we obtain:

sm[—g?- W(%)]—:z/uD + 3/%,-__5: = 0 (12)
rsin] Em( &)+ S cos| Fom( L] c.-Fi- D= a0

B cos —;}m({-)}ml-ﬁ =0 (14)

A’+2/4T>—-3%_:=o (15)

P+ sm\:.‘r—;?- m(%)] - %T-c,os[-‘-_} Q.v\(-é-)] FCG =0 (16

These six equations involve the six unknown quantities A; B ) D,

C, Ca and P . The first four of these equations are used
to eliminate A, 'B D and C. from the last two. After simplification
and the introduction of the notations

FS%,E=%)?= ? =GL"‘E;~\=”§M(’%~L>

E)



these two equations take the form:
sin e, {-ﬁ[s(tq-isE")j""} 4B (3F - 7)]3(»\'53' +48%
+3 [(315‘21%)?‘ +515 (B ()] us?}«- 228 b P
+eos G, {3[(351-1‘1)5_’1'4' s15 (B~ \):l sin_’f + 43 I

+u‘5[3(l‘1—155‘)?‘+|q B‘(35"—-7)] us?} =0 (18

sin'é'.{-ﬁ(:s ?1'—75‘)&‘7\?—3(3—5‘-}-?")0,03? +12 B‘} + 12k 2
+e.osc {3(3 b +3 )3\7\34—0"(39 —15)&351-49’-.5} (19)

Equations (18) and (19) are then solved for_ sin Cl and
eos ¢, in terms of P and § ( P and § ), and the
relationship between P and f’ is then determined from the identity

cos*Q, + S\t .

The resulting expression is:

!

%
P = {n B“A] {2\}'5"1 BY(-803(3% B)sinf-32Feos§ + 3514 B 495’+1¢]}
(20

where
‘76_51A=[.4-[3(B"+ D3+ B (13~ nE")]sM“g‘—mﬁ[(E‘- DE+a B‘]ws ¢
+ \)’5[353"- é§‘3‘+ 19" + 16 B‘]} (21)

1f we let p=@., then P=1, ?"’ I}-%?=o and (20)
reduces to the previously determined result for incipient plastic flow:
pr- Bl
"2 Bt

14



For f: b , the entire tube is in the plastic state and the pressure
corresponding to this, ’!5 - Tj"* , is found from (20) by letting

Prb.F=®

AL ;E—f{u’_(EL-Q-I)(l—cos'E)+‘+-(Et—!)sir\Al;}
57 {B-{-I—wasb}

The values of the various constants are given by:

sing = BB l{-3(p% B sinBe (157 1E s + 475}

cos%, = B‘[{Lﬁr&]{w—(. 53 195")sing +3( P+ 1 B*)ersP - 6°}

Cy= [—_;Ze-ﬁj{«;(a?% 13B")SINB- 165 (3= b Jeos B-BEFLCF B+ B’)}

A

i

[72%-,3]{12( T+ +B‘)sin?-4ﬁ (47- 3B )us§- U'if‘(??" 1 5")}

B= —/—“:l—[%—%—&]{a?smf-wrp s (T (35% HB)}

D= 60 [_'EB,A—H-%M?- W'B'c.os’f -Hﬁ'?t}

- ~ =
Introducing the notation Tt = Y4 , = % M ¥ we find
the stresses for the plastic region g ¢ ¢ < f &< gs b®
)

15



TPl _P . L L
¥ =[7e E‘AH“*B (25™- 138 )sin(F-F) + 163 P beos(F-3)
~16B (4sin¥ + V3 cosT) + 4(3 $'+13B)sin

- 1605 (§ 270§ - 3 (3P 6 375"+ 9 E')}

S

- [%:%'Z]{‘%‘(q?‘- 957)sin(F-F)+205 BEF+IE)0s(P-5)
-85 (SpmT+irFeost) + 4 (3% +135 )T
~16VT (328 ) e0sT ~3(33L6F B+ 19 B")}

G = [ﬁf]{ BlisF-0B)sin(F- 3+ B B(F+ T Jeas( F-§)
-4B (ST +SIFeosT) +4 (33 +135") sin%
- /643 ( ?-25") cosT - F(3p% 6% b +19 '5*)}

For the elastic region P<rghy as £ < b , the stresses are
given by:

T, = [7_4%‘3]{’2 SING - (6IF cos § — 3 (33"~ 14'5'7}?(?‘*'3")

‘F

- [ﬁ%iz]{mqmm)sm? -4 G738 eos T
(g7 89}

16



RESULTS

Numerical results were obtained for the case b == k?éL =2
S=FS/a=1.0, 1.2,1.4,1.6 ,1.8,2.0
The equations for = pP/ak and the various stresses were coded

for the IBM 650 digital calculator. The results are shown graphically
in figures one through five.
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